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Toward a Flame Embedding Model
for Turbulent Combustion Simulation
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Combustion in turbulent � ows may take the form of a thin � ame wrapped around vortical structures. For this
regime, the � ame embedding approach seeks to decouple computations of the “outer” nonreacting � ow and the
combustion zone by discretizing the � ame surface into a number of elemental � ames, each incorporating the local
impact of unsteady � ow–� ame interaction. An unsteady strained laminar � ame solver, based on a boundary-layer
approximationof combustion in a time-dependentstagnation-pointpotential � ow, is proposed as an elemental � ame
model. To validate the concept, two-dimensional simulations of premixed � ame–vortex interactions are performed
for a matrix of vortex strengths and length scales, and a section of the � ame is selected for comparisonwith the � ame
embedding model results. Results show that using the � ame leading-edge strain rate gives reasonable agreement in
the cases of low strain rate and weak strain rate gradient within the � ame structure. This agreement deteriorates
substantiallywhen both are high. We propose two different schemes, both based on averaging the strain rate across
the � ame structure, and demonstrate that agreement between the one-dimensionalmodel and the two-dimensional
simulation greatly improves when the actual strain rate at the reaction zone of the one-dimensional � ame is made
to match that of the two-dimensional � ame.

Introduction

N UMERICAL simulation of multidimensional turbulent react-
ing � ow is a computationally expensive undertaking, posing

the challenge of integrating the unsteady reacting Navier–Stokes
equations, coupled with multispecies transport and detailed chemi-
cal kinetics, over a wide spectrum of length scales and timescales.
Although it is possible to perform such simulations for a number
of idealized problems in small domains, this approach is likely to
remain prohibitive for reacting � ows in engineering systems.

For many reacting � ows of practical interest, however, the com-
bustion zone may take the form of a thin � ame surface wrapped
around vortical structures.1 In this regime of turbulent combustion,
correspondingto Damköhler numberDa À 1 and Karlovitznumber
Ka · 1, the � ame occupies only a fraction of the total � ow volume.
Motivated by these scaling considerations, the � amelet concept,
which models the � ame surface as an ensemble of asymptotically
thin � ames that respond instantaneouslyto the local strain rate, was
introduced.2;3 Burning parameters for these � amelets can be tab-
ulated of� ine as functions of strain rate or scalar dissipation and
mixture composition, and hence, the transport and kinetic equa-
tions of reacting � ow, with their corresponding length scales and
timescales, need not be integrated over the course of a simulation.

The assumptionsunderlying the � amelet concept, however, pose
certain limitationson its applicability.Numerouscomputational4¡13

and experimental14;15 studies of laminar � ames, as well as recent
detailed numerical simulations of reacting � ow,16¡18 point to the
importance of unsteady � ame response in a turbulent environment
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in which � ow timescales are short. Many studies have stressed the
importance of detailed chemistry and species transport in predict-
ing dynamic � ame response.4¡6;16¡18 Simulations of � ame–vortex
interaction,16;17 for example, have shown that a � ame may survive
at strain rates higher than the static extinction value if these strain
rates occur over short durations and that pocket formation and re-
connection of the � ame surface may occur.19¡21 Unsteady effects
change the ignition and extinction characteristics of � ames from
those observedunder steady � ow conditions; indeed, extinctionand
reignitionare commonly observed in reacting � ows with high shear
rates. Moreover, unsteadiness has been shown to be signi� cant in
capturing the results of � ame surface folding and interactions be-
tween neighboring � ames.19;20;22

The � ame embedding approach seeks to relax some of the ideal-
izationsof � amelet modeling and, thus, extend its applicability,par-
ticularly in the context of large-eddy simulations. In this approach,
the local structureof the combustion zone is assumed to be that of a
� ame subject to time-varying strain rate and possibly time-varying
curvature.Scalar pro� les within the � ame are assumed to be locally
one-dimensionalin the direction normal to the � ame surface.Thus,
the effect of strain on the � ame surface is modeled with a traditional
stagnation-�ow � ame con� guration23 but with a time-varyingchar-
acteristic strain rate. To pursue this approach within a large-eddy
simulation, it is necessary to track a � ame surrogate—that is, a sur-
face representing the interface between reactants and products or
between fuel and oxidizer. This surface is divided into segments;
each segment is considered an elemental � ame whose structure is
modeled by the strained � ame calculations.The similarity between
this approachand � amelet approacheslies in that both treat the com-
bustion zone as an ensemble of locally one-dimensional � ames. In
the � ame embeddingapproach,however, we retain the unsteadiness
of the interactionsand, hence,preservethe impactof the Lagrangian
� ow history on combustion. Each elemental � ame structure calcu-
lation is performed separately using the strain rate, curvature, and
mixture composition computed along its trajectory.Thus, the � ame
embedding approach should be able to account for many forms of
unsteady � ow–� ame interaction, including unsteadiness resulting
from mixing and mixture nonuniformity.24;25

Initial efforts at � ame embedding26¡28 centered on simulations
of a two-dimensional reacting shear layer, decomposing the � ow
into a nonreacting outer � ow and an inner combustion zone within
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which transport and reaction occur, as described earlier. An ele-
mental � ame model, essentiallya subgridmodel for the combustion
zone, captures the dynamic effects of strain rate imposed by the
� ow on the � ame surface,whereas the � ame acts as a source of vol-
umetric expansion and baroclinic vorticity on the outer � ow. Outer
and inner solutions, to borrow the terminologyof asymptoticexpan-
sions, are thus dynamically and kinematically linked. These earlier
developments made use of single-step or reduced kinetic models
and introduced simplifying assumptions for species transport and
for the evaluation of the “effective” strain rate acting on the � ame
structure.

This paper advances the state of the art in two ways. First, we
present an unsteady elemental � ame model incorporating detailed
kinetics and transport. The model takes the familiar form of a � ame
strained by unsteady stagnation-pointpotential � ow,4;5 but in com-
parisonwith earlier studies,we emphasizeparticular features of the
formulation that emerge when the externalpotential� ow is parame-
terized by a time-varying strain rate a.t/. In particular,we examine
different choices for how to extract or estimate the value of a.t/,
given a strain rate distribution in a multidimensional reacting � ow
for which � ow dynamic gradients may be of the same order of
magnitude as the � ame structure gradients. These features prove
important when calculating the Lagrangian strain rate history of an
elemental � ame over the course of a � ame embedding simulation.
Moreover,we implement a powerful set of techniquesfor numerical
solution of the unsteady strained � ame model, designed to address
the stiffness of detailed chemistry and to compute � ame structures
more ef� ciently and robustly over a wide parameter range of mix-
ture and � ow transients. The numerical treatment is validated by
spatial and temporal resolution studies and by comparison with a
well-benchmarkedsteady-state � ame solution.

Our second objective is to examine the validity of the � ame
embedding approach via comparison with detailed simulations of
� ame–vortex interaction,using the latter as a representative,canon-
ical problem of turbulent combustion.29 Two-dimensional simula-
tions of a premixed � ame interacting with a vortex pair are per-
formed for a matrix of length scales and timescales, characterized
by vortex size, circulation, and vortex pair separation. In each of
these simulations, a section of the � ame surface is then selected
for comparison with the � ame embedding approach.We extract the
Lagrangian history of � ow conditions local to the � ame element
and use this history as an input to the elemental � ame model. The
impact of the unsteady� ow on heat release rate and � ame structure,
as observed in the � ame–vortex interactions, is then compared to
that predicted by the one-dimensionalelemental � ame.

In seeking to model a � ame surface in two or three dimensions
with one-dimensional elemental � ames, a validation study of the
� ame embedding approach, as described earlier, must necessar-
ily address issues of scaling. Certain choices of the vortex pair
parametersmay place the � ow–combustion interactionsoutside the
regime where the � ame surface may be considered asymptotically
thin with respect to � ow length scales. Indeed, for certain values
of the vortex pair parameters, we observe that the tangential strain
rate exerted by the vortices on the � ame may vary signi� cantly
through the � ame thickness. Yet, a one-dimensional model of the
� ame structuremay still be applicable.29 This observationmotivates
a crucial question:how to de� ne the elemental � ame model’s strain
rate parameter a.t/ when extracting a Lagrangian strain rate his-
tory from the multidimensional � ow. We construct three different
schemes for this purpose and compare the heat release rates thus
obtained. In the process, we further elucidate the applicable regime
of the � ame embedding model, in terms of � ame thickness with
respect to � ow length scales.

Model Formulation
The � ame strained in a stagnation point � ow has long been pro-

posed as a subgrid model for turbulent combustion in the � amelet
regime,4¡10 combustion in which the � ame surface is thin, contin-
uous, and wrinkled by vortical structures. We use this model here
but allow the strain rate to vary as a function of time, to capture the
physics of unsteady � ame response described earlier. (The � ame
model presented in this paper does not incorporate the effects of

curvature on the � ame surface. This development is left to future
work.) This model is labeled the elemental � ame,10;28 to emphasize
its use in a Lagrangian discretization of the � ame surface, distin-
guishing it from the conventional quasi-steady � amelet approach
used in closure modeling.

One-dimensional governing equations for the elemental � ame
are obtainedas follows. A boundary-layerapproximation is applied
across the � ame, and a solution is considered along the stagnation
streamline, x D 0; y is the coordinate normal to the � ame surface.
The outer � ow, a stagnation-pointpotential � ow with velocity � eld
u¡1 D a.t/x andv¡1 D ¡. j C 1/a.t/y, yieldsthepressuregradient
as a function of the imposed strain rate:

@p

@x
D ¡½uu¡1a ¡ ½u

u¡1

a

da

dt
(1)

Note that j D 0 for a planar � ow and j D 1 for an axisymmetric
� ow, in which case r may be substituted for x in the given expres-
sions. The notation ½u in Eq. (1) emphasizes that the density of
the unburned mixture is used to de� ne the pressure gradient. If the
densities of both incoming streams are equal, ½u D ½¡1 D ½1, this
distinction is moot. In the premixed � ame, however, expansion re-
sulting from heat release within the � ame requires a products-side
stream entering with lower density and, to maintain a constantpres-
sure gradient, a higher effective strain rate. De� ning the strain rate
parametera.t/ on the unburnedside, in accordancewith the expres-
sion for the given pressure gradient thus ensures consistencyacross
all � ame con� gurations.

Introducing the similarity variable U ´ u=u¡1 and the notation
V ´ ½v, and substituting the pressure gradient expression into the
equation for momentum conservationinside the boundary layer, we
obtain the following equations for species, energy, momentum, and
mass conservation, respectively:
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where the diffusion velocity is

V k D ¡ 1
X k

Dkm
@ X k

@y
(6)

and the mixture-averaged diffusion coef� cient Dkm is de� ned in
terms of binary diffusion coef� cients D jk as23

Dkm D .1 ¡ Yk/

¿ KX

j 6D k

X j

D jk
(7)

Here Yk is the mass fraction of species k and Wk and Pwk are the mo-
lar weight and molar production rate, respectively.In the remaining
equations, cp is the speci� c heat of the mixture, ¸ is the thermal
conductivity, Hk is the molar enthalpy of the kth species, ½u is the
density of the reactants mixture, and ¹ is the dynamic viscosity of
the mixture. Note that thermal diffusion velocities are neglected.
The low-Mach-numberassumption has been employed, and hence,
density is calculated as a function of the temperature, species mass
fractions,and the spatiallyuniform thermodynamicpressurevia the
ideal gas equation of state.
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Whereas the velocity u is zero along the stagnation streamline,
the momentum equation (4) in U is retained to govern variation of
the strain rate through the � ame, where, by de� nition,

aU D @u

@x

­­­­
x D 0

(8)

yields the strain rate pro� le.
Boundary conditionsfor the speciesand energyequationsconsist

of de� ning the composition and temperature of the two incoming
streams of the stagnation-point� ow:

y D §1 : Yk D Yk;§1.t/; T D T§1.t/ (9)

The continuity equation requiresonly one boundary condition; typ-
ically, this boundary condition would specify zero velocity at the
stagnationpoint, V .y D 0/ D 0. Numericalconsiderationsdiscussed
in the next section,however,suggestthatwe impose a boundarycon-
dition at y D ¡1 and leave the stagnation-pointde� nition to � x the
origin of the y axis.

The momentum conservation equation requires two boundary
conditions. At an unburned stream, u D u¡1, and so the bound-
ary condition is by de� nition U D 1. Setting the spatial gradients
in Eq. (4) to zero yields an ordinary differentialequation (ODE) for
U at the burned-streamboundary, denoted by Ub:
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D ¡U 2
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Here ½b is the density of the burned mixture. For a premixed � ame,
the strain rate in the incoming products-sidemixture thus responds
dynamically to the imposed strain rate. This far-� eld boundarycon-
dition also places an important requirement on the size of the com-
putational domain; the � ame must be far enough from the C1 and
¡1 boundaries for spatial gradients in U to vanish. In the case
of steady strain rate, the burned-stream boundary condition on U
reduces to

Ub D
p

½u=½b (11)

To accurately characterize � ame structure and response, de-
tailed transport and chemistry are used to evaluate transport co-
ef� cients and reaction terms in the model. Transport properties ¹,
¸, and Dkm are evaluated using Sandia’s TRANSPORT libraries.30

Chemical source terms and mixture properties are evaluated us-
ing CHEMKIN.31 We use a C1 kinetic model for methane–air
combustion,32 consisting of 46 reactions among 16 species.

It is worthwhile to piont out those aspects of the present for-
mulation that differ from earlier treatments of the strained � ame in
unsteadystagnationpoint potential� ow. In contrastwith Darabiha,5

we retain the unsteady term ¡½ux.da=dt/ in the pressure gradient
expression(1) and, thus, the corresponding1=a.da=dt/ terms in the
momentum equation (4) and the Ub boundarycondition(10). These
terms are important in cases considered here, in which d. a/=dt
may be of the same order as a. In contrast with Stahl and Warnatz,4

we parameterize the � ow with the unsteady strain rate parameter a,
rather than with the tangential pressure curvature 1=x.@p=@x/.§ As
argued in subsequent sections, this choice is more compatible with
the modeling approach taken by � ame embedding. As a result, we
obtain the dynamic behavior of Ub given in Eq. (10).

Numerical Solution
Numerical solution of the governing equations is obtained via a

fully implicit � nite difference method, as necessitated by the stiff-
ness of detailed kinetics. A � rst-order backward Euler formulation
is used. In contrast to some previous formulations,10 all of the gov-
erning equations are solved simultaneously,and thus the continuity

§As pointed out by Stahl and Warnatz,4 these quantities are related by the
following ODE, which follows from Eq. (1):

1
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equation (5) is in a sense an algebraic constraint on the implicit
system.

In general, a � rst-order upwind discretization is applied to all
convectiveterms, whereasdiffusionterms are discretizedto second-
orderaccuracyusingcentereddifferences.Discretizationof the con-
tinuity equation warrants special mention, however. Without an ap-
propriate stencil, numerical oscillations in the mass � ux pro� le are
observed during translation of the � ame with respect to the spa-
tial grid; susceptibilityto oscillationsis high because the continuity
equation is the only governing equation without physical dissipa-
tion. Thus, an upwind discretization is used. The term “upwind”
is written with some quali� cation, because the continuity equation
is not properly a transport equation and @V=@y is not a convective
term per se. Nonetheless, taking the positive sign outside @V=@y to
suggest a positive upwind velocity, the following discretization of
the continuity equation adds dissipation of the appropriate sign:
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j ¡ V n C 1

j ¡ 1
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C ½n C 1
j U n C 1

j an C 1 D 0 (12)

This discretization of @V=@y prevents direct implementation of a
stagnation-pointboundary condition. Instead, a boundary value on
the mass � ux V must be chosen at y D ¡1. The boundary value is
arbitrary provided that it is large enough for the � ame to stabilize
at a lower mass � ux because V decreases in the direction of the
stagnation point. If the boundary value is too large, on the other
hand, the � ame (or for that matter, the stagnationpoint) may not fall
within the computational domain. The boundary value can thus be
set to any reasonablenumber based on the size of the computational
domain and the strain rate. The solution to the problem matches the
mass � ux pro� le to the � ame location, as re� ected in the pro� les of
T , Yk , ½ , and U .

In computations with unsteady strain rate, this boundary condi-
tion on V must be updated intermittently.The strain rate parameter
a can easily vary one or two orders of magnitude in a given com-
putation; such a change in strain rate, with a � xed boundary value
on the mass � ux through the � ame, causes the � ame to translate
rapidly with respect to the grid. As the � ame nears the boundary
of the computational domain, successive regriddings become nec-
essary. This scenario is not only cumbersome, but computationally
taxing. To avoid this situation while retaining the boundary con-
dition V .y D ¡1/, we implement a method to update the mass
� ux pro� le in the case of unsteady strain rate. At the start of time
step n C 1, an initial guess for V n C 1 is obtained by integrating the
continuity equation with an C 1 , U n , and ½n:

½n
j ¡ ½n ¡ 1

j

1t
C

V n C 1;guess
j ¡ V n C 1;guess

j ¡ 1

y j ¡ y j ¡ 1
C ½n

j U
n
j an C 1 D 0 (13)

In one step, this expression updates the boundary value on V at
y D ¡1 and generates a new guess for V n C 1. Updating the bound-
ary value on V thus minimizes � ame translation for fast conver-
gence.

All of the spatial discretizationsare performed on a nonuniform
adaptive grid, permitting a dynamic clustering of grid points in re-
gionswhere spatialgradientsare strongand, thus,ensuringadequate
resolutionthroughthe reaction-diffusionzoneoverall of the integra-
tion time. The followingcriteria for grid re� nement, similar to those
employed in Sandia’s PREMIX code33 were enforced at each time
step. First, the gradient of each scalar must be adequately resolved,
relative to its range:

®
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­­max
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’ ¡ min
j

’
­­ (14)

Here ’ is chosen to include all of the dependent variables, T , Yk ,
U , and V , as well as each chemical source term Pwk ; ® is a tolerance
parameter on the order of 0.1, and the point-removal parameter ·
is typically chosen around 5. Second derivatives are subject to an
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analogous criterion:
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The � nal criterion forces the grid to be relatively uniform:

° <
y j C 1 ¡ y j

y j ¡ y j ¡ 1
<

1

°
(16)

A grid point is removed when it simultaneously violates the three
lower inequalities in Eqs. (14–16). Linear interpolation is used to
calculate the value of the dependentvariablesat any new grid point.

The time step for integration is constant, typically chosen on
the order of 1 ¹s. A time convergence study and a detailed grid
resolutionstudy are presented in the next section.At each time step,
discretizationreduces the governingpartialdifferentialequationsto
a set of nonlinear algebraic equations.The nonlinear system can be
written as

F.x/ D 0; F : Rn ! Rn (17)

The output of the function F is a vector containing residuals of the
discretized governing equations, whereas x is the solution vector,
containing pro� les of each fundamental variable, Yk , T , U , and V .

We implement a set of numerical methods to solve Eq. (17) ef-
� ciently and robustly.25 An inexact Newton iteration (see Ref. 34)
converges to the solution of the nonlinear equations but avoids pre-
cisely solving the Newton condition far away from a solution,when
the linear model of Newton’s method may be poor. In other words,
each Newton step si is found via the following expression:

kF.xi / C F0.xi /si k · ´i kF.xi /k (18)

The key parameter in inequality(18) is ´i 2 [0; 1/, the forcing term.
The inexactNewton conditionessentiallyrestates the exact Newton
condition from the perspective of an iterative linear solver. An it-
erative method is used to � nd an approximate solution to the exact
Newton condition,F0.xi /si D ¡F.xi /, and ´i speci� es the tolerance
to which this solution si is found.

Proper speci� cation of ´i can vastly enhance ef� ciency and con-
vergence of the nonlinear solver. Far away from a solution, where
the linear model may poorly describe the nonlinear surface of the
function F, it makes little sense to calculate each Newton step ex-
actly. Doing so is computationallyexpensiveand may result in little
or no progress toward a solution; indeed, a less accurate solution of
the Newton conditionsmay be more effective in reducing kFk. The
forcing term is thus chosen close to 1. If the linear model becomes
accurate, however, a precise Newton step is likely to provide fast
reduction in kFk; the forcing term is thus chosen close to zero.

In our implementation, the inexact Newton method is coupled
with a safeguarded backtracking globalization to improve its do-
main of convergence.35 If the step si of the inexact Newton con-
dition does not suf� ciently reduce kFk, the step is reduced by a
scalar factor µ , essentially backtrackingalong the search direction.
Backtracking continues until the condition on kFk is met because,
in a suf� ciently small neighborhoodof the trial solution xi , the lin-
ear model must indicate the correct downward path; the Newton
equation is consistent.

Solution of the linear system at each Newton iteration proceeds
via a Krylov subspace method Bi-Conjugate Gradient Stabilized
(BiCGSTAB).36 Like all Krylov subspace methods, BiCGSTAB is
based on the idea of projectinga problem onto a lower-dimensional
Krylov subspace, making it particularly desirable for large-scale
systems. Because detailed chemistry renders our linear system ill-
conditioned, BiCGSTAB must be accelerated with an incomplete
lower–upper (LU) factorizationpreconditioner;here,we implement
ILUTP, a re� nement of ILU preconditioningdeveloped by Saad.37

ILUTP provides an LU-factorization of the Jacobian matrix F0 but
regulates � ll in of L and U based on a threshold parameter; it also
provides for pivoting, in which F0 is permuted to ensure diagonal

dominance. The result is a preconditioned system with a smaller
and more uniformly distributed eigenvalue spectrum.

Numerical Validation
Grid Resolution

Before employing the elemental � ame model in studies of the
� ame embeddingapproach,we validate thenumericaltreatmentand
underlying formulation. We begin by presenting a grid-resolution
study, shown in Fig. 1. The structure of a steady-state, planar pre-
mixed methane–air � ame is computed for four cases of the grid
parameters de� ned in Eqs. (14–16). The reactants mixture is stoi-
chiometric, and the products mixture is in equilibrium at the adi-
abatic � ame temperature, with an additional 20% N2 by volume
present in both the reactants and products streams. The thermody-
namic pressure is 1 atm, and the strain rate parameter a is con-
stant at 120 s¡1. The grid-resolutionparameters ® and ¯ are varied
over one order of magnitude, from ® D 0:2 and ¯ D 0:8 (the least-
resolved case) to ® D 0:02 and ¯ D 0:08 (the most-resolved case).
The grid-uniformity parameter ° de� ned in Eq. (16) is held con-
stant at ° D 2:5. The computational domain is 4.0 cm in length.
As seen in Fig. 1, the computed pro� les of temperature, selected
species, and heat release rate ( PwT , i.e., the source term in the energy
equation) match very closely for all four cases, so closely as to be
relatively indistinguishable over much of the � ame structure. The
solution to the least-resolved case contained 121 grid points and a
minimum grid spacing of 14.6 ¹m, whereas the most resolved case
used 453 grid points and a minimum grid spacing of 2.1 ¹m.

The grid independenceobserved in this study indicates that pro-
� les of the solutionvariablesYk , T , U , and V and of the correspond-
ing convection, diffusion, and production terms in the governing
equations are well resolved by the adaptive grid for the chosen dis-
cretizations. For the remainder of the elemental � ame calculations
presented in this paper, we � x ® D 0:1 and ¯ D 0:4.

Time Resolution
We examine the time step resolution of the numerical formula-

tion by computing the response of a premixed methane–air � ame
to an imposed transient in the strain rate parameter a.t/. The ini-
tial condition is the same steady-state,diluted stoichiometric � ame
used in the grid-resolution study. The strain rate parameter a.t/ is
increased linearly from 120 to 1000 s¡1 over the course of 2 ms,
then held constant at 1000 s¡1 for another 3 ms; mixture boundary
conditionsmatch those of the initial conditionand are held constant
throughout. The � ame response is characterized by the integrated
heat release rate PQ.t/, which is plotted vs time for four different
values of the time step in Fig. 2. The time steps range over ap-
proximately 1.5 orders of magnitude, from 10 to 0.5 ¹s. As seen in
Fig. 2, the calculated heat release rate histories match very closely,
suggestingthat the internal timescalesgoverningthe � ame response
are well resolved.

Fig. 1 Structure of a stoichiometric premixed methane–air � ame,
a = 120 s¡1, for various values of the grid-re� nement parameters ® and
¯ de� ned in Eqs. (14) and (15).
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Fig. 2 Integrated heat-release rate history _Q(t) resulting from a 2-ms
linearrise in strain ratea(t) from 120 to 1000s¡1, computed with various
values of ¢t.

Note that Fig. 2 clearlyshows that the � ame response is unsteady.
The imposed strain rate transient lasts only 2 ms, yet the heat release
rate takes an additional 1.5 ms to reach its equilibrium value, at
which point the � ame is essentially quenched.16 Also, we mention
that the speedand rangeof the strainrateparametertransientselected
for this study is typicalof the transientsobservedin the � ame–vortex
interactions to be presented in the next section. For the remainder
of the elemental � ame calculationspresented,we take 1t D 1:0 ¹s.

Results
We examine the validity of the � ame embedding approach via

comparison with numerical simulations of two-dimensional � ame–
vortex interactions, as depicted in Figs. 3 and 4. Figures 3 and 4
show successivesnapshotsof a counter-rotatingvortex pair moving
toward a freely propagatingpremixed � ame. Because the domain is
symmetric,only the left half of the interactionis shown.A grayscale
indicatestemperature,and contour lines depictvorticity.In all cases,
the vorticity � eld contorts and strains the � ame surface; thus, the
simulations capture the impact of transient strain rate and curvature
on the � ame’s internal structure and heat release rate.

Simulations of Flame–Vortex Interaction
Four cases of � ame–vortex interaction were computed, corre-

sponding to a two-by-two “matrix” of vortex strengths and length
scales whose parameters are given in Table 1. The initial circula-
tion 0, the vortex characteristic dimension ± (taken as the initial
Gaussian vortex width), and the initial center-to-center separation
of the vortex pair ±cc are varied to control the induced � ow� eld. For
brevity, we include two-dimensional snapshots for only two cases.
Figures 3 and 4 correspond to cases 1 and 4, respectively.

A detailed description of the model formulation and the numeri-
cal scheme used in our simulationsof � ame–vortex interactionmay
be found elsewhere.38¡40 Governing equationsare developedin two
dimensionsusing,aswith theelemental� ame model, the low-Mach-
number approximation and assuming constant stagnation pressure.
Thermal diffusion velocities are neglected. Spatial discretization is
performedusingsecond-ordercentraldifferenceson a uniformmesh
with cell size 1x D 1y D 15:6 ¹m, ensuring adequate representa-
tion of internal � ame structure.17;41 A stiff, operator-split second-
order time integration scheme is used.39;40 In the cases presented
here, the computational domain measures 0.8 cm in the horizontal
(x) direction and 4.0 cm in the vertical (y) direction. Symmetry
boundary conditions are applied in the horizontal direction, and
out� ow boundary conditions are applied in the vertical direction.

The reactants mixture is stoichiometric methane–air at 298 K,
diluted with an additional 20% N2 by volume. The thermodynamic
pressure is 1 atm; dilution lowers the adiabatic � ame temperature
to 1965 K, thus reducing the burning rate and lengthening the � ame

Table 1 Flow parameters used in four cases of � ame-vortex
interaction: initial vortex circulation ¡, initial Gaussian vortex

width ±, initial vortex pair separation ±cc

Case 0, cm2/s ±, cm ±cc , cm

1 0.035 0.10 0.50
2 0.035 0.05 0.25
3 0.070 0.10 0.50
4 0.070 0.05 0.25

Fig. 3 Premixed � ame interaction with a counter-rotating vortex pair,
case 1. Vertical right-handside of each frame is centerline of vortex pair;
grayscale indicates gas temperature, with darker shading correspond-
ing to burned combustion products; solid/dashed contours delineate
levels of positive/negative vorticity.

Fig. 4 Premixed � ame interaction with a counter-rotating vortex pair,
case 4; contour de� nitions analogous to Fig. 3.

timescale. The same C1 mechanism32 used in the preceding sec-
tions is applied here. For computational ef� ciency, however, N2 is
assumed dominant so that the diffusionvelocityof any other species
is approximated by binary diffusion into N2 at the local tempera-
ture. Mixture transport properties ¹ and ¸ are set to those of N2 at
the local temperature. Subsequent calculations employing the ele-
mental � ame model also make use of this nitrogen-dominanttrans-
port scheme, rather than the mixture-averaged transport properties
used in the original elemental � ame formulation.Thus, simulations
of two-dimensional � ame–vortex interaction and � ame embedding
calculations are compared using identical transport and kinetics.

Initial conditions for simulation of � ame–vortex interaction are
constructed as follows: The velocity � eld (u, v) induced by a pe-
riodic row of Gaussian vortex pairs is superimposed on � elds of
temperature, density, and mass fraction, T , Yk , and ½, correspond-
ing to an unstrained premixed � ame, computed using PREMIX.33
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a) Strain rate parameter a(t) b) Integrated heat release rate _Q(t)

Fig. 5 Case 1, strain rate parameter a(t) derived from the centerline of the � ame–vortex interaction and corresponding integrated heat release rate
histories _Q(t) of the embedded � ame.

a) Strain rate parameter a(t) b) Integrated heat release rate _Q(t)

Fig. 6 Case 2, strain rate parameter a(t) derived from the centerline of the � ame–vortex interaction and corresponding integrated heat release rate
histories _Q(t) of the embedded � ame.

The � ame surface is oriented horizontally, and so T , Yk , and ½ are
functions of y only. The � ame is introducedat a distance where the
impact of the vortex pair on the � ame surface is negligibly small;
the initial distance between the � ame and the vortex pair is chosen
so that the tangential strain rate at the 10% contour of YCH4 was
116.9 s¡1 in all four cases.

Becausesome sectionsof the � ame surfaceexperiencesubstantial
curvature, an effect that has not yet been included in the elemental
� ame model, we focus on the relatively � at section of the � ame
surface intersecting the vortex pair centerline. A few general ob-
servations can be made about the impact of the � ow on this � ame
element, as shown in Figs. 5a–8a: In cases 1 and 3, the strain rates at
the intersectionof the � ame surface and the centerline are relatively
low, O(300 s¡1), rising weakly due to the relatively large distance
between the two vortices. In cases 2 and 4, where the vortex length
scales are halved, the corresponding strain rates rise more sharply,
� nishing an order of magnitude higher. All cases show similar evo-
lutionof the � ame surface topology,as seen in Figs. 3 and 4: an early
stage, before the vortex pair penetrates the plane of the � at � ame,
characterized by relatively low and slowly rising strain rates, and
a later stage, following intrusion of the vortex pair into a curving
� ame “mushroom,”characterizedby higher and more quicklyrising
strain rates. As the � ow timescale (governedby ±cc and 0) is halved
(e.g., from case 1 to case 3, or from case 2 to case 4), the time over

which the � ame surface topology undergoes this evolution drops
accordingly.

As a testbed for validationof the � ame embedding approach,we
extract the Lagrangian history of � ow conditions—in particular, the
strain rate—local to the centerline � ame element and use this his-
tory as an input to the elemental � ame model. We then examine the
ability of the elemental � ame model to predict the transientheat re-
lease rate and � ame structureof the two-dimensional� ame element,
that is, whether the unsteady � ame–� ow interaction described ear-
lier can indeed be captured by a Lagrangian embedded � ame. The
quality of the comparison hinges on specifying the input strain rate
parameter a.t/ of the elemental � ame model. Clearly a.t/ should
characterize the strain rate induced by the � ow on the � ame struc-
ture, but selecting where to evaluate this strain rate with respect to
the � ame surface in the two-dimensionalsimulationturnsout to be a
nontrivialtask under certain � ow conditions.This is in part because,
as suggested by Figs. 3 and 4 and Table 1, the length scale of the
vortices, O(1 mm), may be of the same order of magnitude as the
� ame thickness, and thus the vortex-induced strain rate may vary
signi� cantly within the � ame structure, making it dif� cult to � nd a
representative,singlevalue for the appliedstrain rate. We � nd this to
be particularly true of cases 2 and 4. These ideas will be made more
precise as we explore three different means of selecting a value for
the strain rate parameter a.t/.
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a) Strain rate parameter a(t) b) Integrated heat release rate _Q(t)

Fig. 7 Case 3, strain rate parameter a(t) derived from the centerline of the � ame–vortex interaction and corresponding integrated heat release rate
histories _Q(t) of the embedded � ame.

a) Strain rate parameter a(t) b) Integrated heat release rate _Q(t)

Fig. 8 Case 4, strain rate parameter a(t) derived from the centerline of the � ame–vortex interaction and corresponding integrated heat release rate
histories _Q(t) of the embedded � ame.

Matching Leading-Edge Strain Rates
By construction, the strain rate parameter a.t/ of the elemental

� ame model is equal to the strain rate measuredat thecold side of the
elemental � ame.¶ [Referringto Eq. (8),U is essentiallyconstantand
equal to 1 from the cold boundary to the leading edge of the � ame.]
Thus, a natural approach is to set a.t/ equal to the strain rate at the
leading edge of the two-dimensional � ame element. We proceed
by extracting the strain rate tangential to a 99% contour of YCH4

from the centerline of each � ame–vortex interaction. This contour
is a reliable indicator of the � ame leading edge. By symmetry, all
scalar contours are normal to the centerline, and so the tangential
strain rate t ¢ e ¢ t extracted here is just @u=@x jx D xCL , where e is the
rate-of-strain tensor.

The leading-edge strain rate is plotted as a function of time in
Figs. 5a–8a. For cases 2 and 4, the leading-edgestrain rate rises 1.5
orders of magnitudeover a time period smaller than the propagation
timescale of the premixed � ame (¿ f ´ 1=Su ¼ 10 ms, where 1 is
a � ame thickness). The burning of the centerline � ame element is
clearly not expected to respond quasi-steadily.

With an input strain rate parameter a.t/ in hand, the elemental
� ame requires only a starting condition and mixture boundary con-

¶For clarity, we reserve the symbol a to denote the strain rate parameter
of the elemental � ame model; the symbol ² may denote any other strain rate.
To refer speci� cally to strain rates in the � ame–vortex simulations or in the
elemental � ame, we may use ².2d/ and ².1d/ , respectively.

ditions matching those in the � ame–vortex interaction.The mixture
boundary conditions are constant in time, matching the nitrogen-
diluted reactants and products mixtures of the � ame–vortex inter-
action. Initialization is performed in a manner analogous to the
initialization of the � ame–vortex interaction simulations. At t D 0,
pro� les of T , Yk , and ½ are obtained from the same unstrained pre-
mixed � ame solution and superimposed on pro� les of U and V
corresponding to a.t D 0/. Integration then proceeds using a.t/.

For eachcase, the resultingintegratedheat releaserate PQ is shown
by a dash–dot line in Figs. 5b–8b. Circles represent the heat release
rate of the two-dimensional� ame element, computedby integrating
PwT along the centerlinecoordinateof Figs. 3 and 4. The heat release
rate fallswith increasingstrainrate in both� ames, an expectedtrend,
but the elemental � ame clearly underpredicts the heat release rate
at the two-dimensional � ame surface. This discrepancy widens at
higher strains and larger times and is more extreme in cases 2 and 4
than in cases 1 and 3. The elemental � ame approaches extinction
near t D 3:5 ms in case 2 and t D 2:0 ms in case 4, while the two-
dimensional � ame element continues to burn.

Underpredictionof PQ suggests that the strain rate throughout the
elemental � ame is too high in comparison to the strain rate through
the two-dimensional � ame surface. Suspicion of such a strain rate
mismatch is con� rmed in Fig. 9. Here, the thick solid line represents
the tangential strain rate (².2d/ D @u=@x jx D xCL ) along the centerline
of the � ame–vortex interaction for case 1, at t D 6:5 ms. The open
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Fig.9 Strain,ratepro� les in the two-dimensional� ameelement, case 1,
t = 6.5 ms: ————, actual strain rate; – – – , extrapolated nonreacting strain
rate; , strain rate at leading edge of � ame, where ²r and ²nr begin to
diverge; ¤, mean nonreacting strain rate; and ——, strain rate pro� le
in the corresponding elemental (one-dimensional) � ame, matching the
leading-edge strain rate.

Fig. 10 Strain, rate pro� les in the two-dimensional � ame element,
case 4, t = 1.75 ms: ————, actual strain rate; – – – , extrapolated nonreact-
ing strain rate; , strain rate at leading edge of � ame, where ²r and ²nr
begin to diverge; ¤, mean nonreacting strain rate; and ——, strain rate
pro� le in the corresponding elemental (one-dimensional) � ame, match-
ing the leading-edge strain rate.

circle indicates the location of and strain rate at the � ame leading
edge. The two-dimensional strain rate falls when moving across the
� ame from reactants to products, except for a small hump around
the reaction zone (indicated by PwT ). In the same plot, the thin solid
line shows the strain rate pro� le ².1d/ in the elemental � ame, also at
t D 6:5 ms, with a.t/ chosen to match the leading-edge strain rate.
This pro� le rises monotonically from a reactants-side value of a
to a products-side value of aUb . Clearly, the strain rate in the two-
dimensional � ame is signi� cantly lower than that in the elemental
� ame. In Figs. 9 and 10 the elemental � ame strain rate pro� le is
placed so that the leading edges of the one- and two-dimensional
� ames coincide. Figure 10 shows analogous results for the more
highlystrained� ow � eld of case 4, at t D 1:75 ms. Now the decrease
in ².2d/ ahead of the two-dimensional� ame is even steeper,whereas
the hump around the reaction zone is more pronounced. Nonethe-
less, the strain rate² .1d/ in theelemental� ame is still higher than ².2d/

over the entire � ame structure. In both cases, the two-dimensional
strain rate pro� les—and the average strain rate within each two-
dimensional � ame—differ markedly from those of the elemental
� ame.

The strain rate pro� le ahead the � ame along the centerlineof each
� ame–vortex interaction is typical of that induced by a counter-

rotating vortex pair. Extrapolating this strain rate into the � ame
region, the dashed line in Figs. 9 and 10 represents the strain rate
that would have existed in the absence of combustion, that is, the
monotonically decreasing strain rate induced by the vortex pair.
Thedashedlinecan thusbe consideredtheunderlyingor nonreacting
strain rate throughthe � ame, denotedby ².2d/

nr . Volumetric expansion
in the � ame induces an additional � ow� eld, which modi� es the
underlyingstrain rate to produce the actual strain rate pro� le, shown
by the thick solid line. A similar superposition is responsible for
the strain rate pro� le in the elemental � ame, but in that case, the
underlying strain rate is constant and equal to a.

The procedureused to constructthe dashed lines in Figs. 9 and 10,
correspondingto ².2d/

nr , is as follows:At a given time step,thevelocity
� eld of the vortex pair is approximated analytically as the velocity
� eld induced by two counter-rotating Gaussian vortices. This ve-
locity � eld is differentiated, yielding a model for the nonreacting
strain rate at the centerline:

² .2d/
nr D @u

@x

­­­­
x D xCL

D 20

¼
x0.y ¡ y0/

µ
1 ¡ exp.¡r 2=±2/

r 4
¡ exp.¡r 2=±2/

r 2±2

¶
(19)

where r 2 ´ x2
0 C .y ¡ y0/2 . Here 0 is the strength of each vortex, ±

is the size of the Gaussian vortex core, x0 is the horizontal offset of
each vortex from the centerline, and y0 is height of the centerline
of the vortex pair. These model parameters are computed at a given
time step by � tting ².2d/

nr to the strain rate along the centerlineof the
two-dimensional simulation in regions ahead of the leading edge
of the � ame, where the strain rate is due entirely to the vortical
� ow� eld. A nonlinear least-squaresmethod is used for � tting.

The preceding results indicate that the vortex-inducedstrain rate
² .2d/

nr may vary substantially within the � ame structure, countering
the assumption that the � ame is thin with respect to length scales
in the � ow. Thus, using ².2d/ at the � ame leading edge as the valueof
the strain rate parameter a may be misleading because ² .2d/

nr decays
rapidly within the � ame structure.Cases 2 and 4 of the � ame–vortex
interaction, in particular,may be on the boundary of the thin-� ame
regime. Indeed, if we constructa suitablenondimensionalization for
the lengthscaleof strain rate variation,E ´ 1=².d²=dy/, where1 is
a � ame thickness, we � nd that E , computed just ahead of the � ame
leading edge, is O.1/ for all four cases, although approximately
three times larger for case 4 than for case 1.

Matching Averaged Nonreacting Strain Rates
In the face of generic variations through the � ame structure of

the strain rate imposed by the outer � ow, we must � nd alterna-
tive approaches to extract representative values of a from the two-
dimensional simulations.Rather than setting a equal to the leading-
edge strain rate of the two-dimensional � ame element, a should be
matched to a strain rate that is averaged across the two-dimensional
� ame structure. To � nd this value, we use Eq. (19) to construct
a model for the underlying nonreacting strain rate ² .2d/

nr throughout
the � ame. Note that the simulationsof � ame–vortex interactiononly
yield strain rates representedby the thick solid lines in Figs. 9 and 10
and that ².2d/

nr represents an attempt to estimate the strain rate that
would have been exerted in the absence of a � ame.

With a modelof ² .2d/
nr .y/ in hand, it canbe extrapolatedthroughthe

� ame region. The “averaged”nonreactingstrain rate N² .2d/
nr is simply

takento be ² .2d/
nr at theheat releaseratemaximum, that is, in thecenter

of the reaction zone, as marked with a square in Figs. 9 and 10. We
then puta.t/ D N².2d/

nr and obtainan inputstrain ratehistory,shown for
each case by the dashed line in Figs. 5a–8a. Figures5a–8a show that
thisvalueof a.t/ is on thewhole much smaller than the leading-edge
strain rate.

Integrated heat release rates thus obtained are shown by dashed
lines in Figs. 5b–8b. In general, this schemeshows marked improve-
ment over the matching of leading-edgestrain rates explored in the
preceding section. Agreement with the two-dimensional heat re-
lease rate is quite good over the entire interactionsof cases 1 and 3.
Agreement is also close for much of cases 2 and 4, diverging at
higher strain rates and long time. Divergence may be due in large
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part to the approximationsused to calculate ².2d/
nr . As it approaches

the � ame surface, the vortex pair is distorted signi� cantly due to
volumetric expansion and baroclinic vorticity generated across the
� ame, and thus, the Gaussian vortex approximation may become
poor. Inaccuracy in the model used to predict ² .2d/

nr does not negate
the principleof matching the mean nonreactingstrains,however. In-
deed, in some cases of direct � ame embeddingsimulation, the exact
value of ².2d/

nr is available from the outer � ow solution, regardlessof
the complexity of the vorticity � eld.26;28

Matching Averaged Reacting Strain Rates
A third approach for evaluating the strain rate parameter a.t/ in

the embedded � ame is to match the mean reacting strain rate in
the two-dimensional � ame to the mean reacting strain rate in the
elemental � ame. In both cases, by reacting strain rate, we simply
mean the strain rate in the presenceof the � ame. We obtain the mean
reactingstrain rate from the � ame–vortex interactionsby computing
the arithmetic mean of strain rates tangential to leading and trailing
contours of the � ame surface: the 99% contour of YCH4 and the 90%
contour of YCO2 . The resulting value is denoted by N².2d/

r . A mean
reacting strain rate in the elemental � ame can be de� ned similarly:
Because the strain rate ².1d/ rises from a value of a on the reactants
side to aUb on the products side, we have N².1d/

r ´ a[1 C Ub.t/]=2.
Now we set N².1d/

r D N² .2d/
r and use this condition to compute a.t/. The

resulting expression and ODE, derived from the de� nition of N².1d/
r

and Eq. (10), are as follows:

a.t/ D 2 N².2d/
r

¯
.1 C Ub/ (20)

where

@Ub

@t
D ¡ ½b

½u C ½b

³
2U 2

b N².2d/
r C Ub.1 C Ub/

1

N² .2d/
r

@ N² .2d/
r

@t

´

C ½u

½u C ½b

³
2N² .2d/

r C .1 C Ub/
1

N².2d/
r

@ N².2d/
r

@t

´
(21)

In effect, this scheme matches the strain rate in the reaction zone of
the elemental � ame with the strain rate in the reaction zone of the
two-dimensional � ame element, integrating the momentum equa-
tion across the elemental � ame and computing the correct strain
rate parameter a.t/ to achieve this matching. Strain rate parameter
histories obtained in this fashion are shown by the solid lines in
Figs. 5a–8a.

Heat release rates obtained with this approach are shown by the
solid lines in Figs. 5b–8b. Agreement with the two-dimensional
results is quite good in all four cases. In particular, predictions in
cases 2 and 4 show improvement over the preceding scheme of
matching the average nonreacting strain rates. The elemental � ame
heat release rates diverge from the two-dimensional values again
only at long times, under conditions of extremely strong vortex-
induced strain rates.

It is signi� cant that overall good agreement is achieved in all four
cases, particularly in cases 2 and 4, where, as mentioned earlier, the
spatial variation of the vortex-inducedstrain rate is substantial over
the � ame thickness. This is important because these � ames are not
“thin”with respect to � ow lengthscales (i.e., the thin-� ame assump-
tion is not strictlysatis� ed), yet a one-dimensionalcombustionzone
model is still able to predict accuratelythe transientheat release rate
resulting from the � ame–vortex interaction.

We should make a remark here regarding the implementation of
the second and third schemes in the context of � ame embedding.To
apply the second scheme, the strain rate variationaheadof the � ame
front, along a local normal to the � ame, is obtained, extrapolated
a � ame thickness, and then used to specify a.t/ in Eqs. (2–5). In
the third scheme, the values of the strain rate immediately ahead
of and immediately behind the � ame, that is, on the reactants side
and the products side, should be averaged at each time step and
used, in conjunctionwith Eqs. (20) and (21), to evaluatea.t/ before
integration of Eqs. (2–5).

Results show that predictionsusing the elemental� ame model are
less dependent on the particular scheme chosen to estimate a.t/ in

Fig. 11 Structure comparison between the one- and two-dimensional
� ame elements, case 2, t = 2.0 ms, showing T, heat release rate _wT , and
strain rate; both elements are at the same mean reacting strain.

Fig. 12 Structure comparison between the one- and two-dimensional
� ame elements, case 4, t = 1.0 ms, showing various major and minor
species; both elements are at the same mean reacting strain.

cases of weaker, more slowly varying strain rate (e.g., cases 1 and 3)
than in casesof stronger,more sharplyvaryingstrain rate (e.g., cases
2 and 4). This is in part because the length scale of variation of the
underlying vortex-induced strain rate is smaller in the latter cases,
and thus, use of a spatial-averaging scheme to characterize a.t/
is more crucial. Another contribution to the observed trend is the
weaker dependenceof the heat release rate on the strain rate at low
values of the latter.

Figure 11 compares the instantaneousstructure of the elemental
� ame with that of the two-dimensional centerline � ame element,
for case 2 at t D 2:0 ms. The elemental � ame calculation is one
in which a.t/ was chosen to ensure matching of mean reacting
strain rates. This comparison highlights the challenge inherent in
using the elemental � ame to predict the two-dimensional � ame–
vortex interaction. Though the mean strain rates in the two � ames
are equal, the strain ratedistributionsarequalitativelydifferent,with
² falling through a plateau in the two-dimensional � ame but rising
monotonically in the one-dimensional � ame, as discussed earlier.
Although this disagreement may cause the remaining pro� les to
differ slightly, the elemental � ame model is able to characterize the
heat release rate in the two-dimensional reacting � ow with good
accuracy. A further comparison of elemental � ame structure with
that of the two-dimensional centerline � ame is seen in Fig. 12;
here, selected major species and radicals are shown for case 4 at
t D 1:0 ms, again matching the mean reacting strain rates.The strain
rate, temperature, and heat release pro� les are qualitatively similar
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to those in Fig. 11 and, thus, are not shown. The species pro� les
match well, with slight differences visible mostly in the preheat
zone of the � ame.

Note that the curvature of the � ame surface at the centerline, al-
ways convex to the products side, provides a negative contribution
to the overall � ame stretch in all four interactions.Curvature is ne-
glected in the current elemental � ame model, and thus, this effect,
although small for the centerline element in the � ame–vortex inter-
actions presented,may contribute to the discrepanciesnoted at long
times, particularly for the smaller vortices of cases 2 and 4.

Results of steady-state simulations using the elemental � ame
model at selected values of the strain rate are included in Fig. 6b to
illustrate the unsteady response of burning to the rapid changes in
imposed strain rate. These points are the steady-state values of the
heat release rate at averagedreacting strain rates equal to the instan-
taneous N²2d

r extractedfrom the two-dimensionalsimulation.Clearly,
even though the strain rate imposed on a � ame can be changed ar-
bitrarily by appropriate forcing of the surrounding � ow� eld, the
response of the � ame itself is dependent on its internal timescales.
Thus, a � ame can survive under transient strain rates that exceed
its steady-state extinction strain rate, as long as the transients are
suf� ciently fast.6;42;43 This phenomenon has been observed in ear-
lier two-dimensional� ame–vortex studies16;17 and is apparent in the
two-dimensional results shown here, where the steady-stateextinc-
tion strain rate is approximately 700 s¡1 . For t ¸ 3:0 ms in case 2,
burning persists under the dynamically applied strain, whereas at
steady-state the � ame would have undergone quenching. With the
mean strain rate (reacting or nonreacting) as an input determining
a.t/, the elemental � ame model captures this important unsteady
effect.

Conclusions
The � ame embedding approach for turbulent combustion simu-

lation seeks to model a wrinkled � ame surface with an ensemble of
one-dimensionalelemental � ames, each capturing the local impact
of unsteady � ow–� ame interaction. This paper develops an ele-
mental � ame model incorporating detailed chemical kinetics and
transport, parameterizedby an unsteady strain rate and allowing ar-
bitrary time dependence of mixture conditions. Unsteady features
of the governingequationsare developedand contrastedwith previ-
ous unsteady strained � ame studies. A numerical solution based on
a globalized inexact Newton method and a preconditionedKrylov
subspace linear solver is implemented to address the stiffnessof de-
tailed chemistry and ensure ef� cient, robust convergence.Grid- and
time-resolution studies are presented to verify the accuracy of the
code. Further veri� cation is obtained by comparing the structure of
a steady-state� ame computedwith the elemental � ame formulation
to that computed by OPPDIF (Appendix).

The concept of � ame embedding is then explored in the context
of two-dimensional � ame vortex interactions. Detailed numerical
simulations of � ame–vortex interaction are performed for a matrix
of vortex length scales and timescales. An element of the � ame
surface at the centerline of each interaction is selected for compar-
ison with the � ame embedding approach; the Lagrangian history
of � ow conditions local to the two-dimensional � ame element is
used to construct an input to the elemental � ame model. Three dif-
ferent schemes for estimating the strain rate parameter a.t/ of the
elemental � ame model are developed.The � rst scheme matches the
strain rate at the leading edge of the elemental � ame with that of
the two-dimensional � ame element; the second and third schemes
match the mean nonreactingstrain rate and the mean reacting strain
rate, respectively, of the two � ames at each time step. We � nd that
as the length scales of the vortices, in particular, the length scale of
strain rate variation induced by the vortices, becomes comparable
to the � ame thickness, spatial averaging is necessary to determine
a.t/, and thus the latter two schemes are more successful.The tran-
sient response of the heat release rate in the two-dimensional � ame
element is well predictedby the elemental � ame, even in those cases
when the length scale of strain rate variation inducedby the vortices
is small with respect to the � ame thickness.A comparison of � ame
structures shows that the strain rate averaging schemes are able to
match strain rates instantaneously near the reaction zone. These

results suggest that the elemental � ame may be used to accurately
predict burning even when the � ame is not thin with respect to � ow
structures.

Appendix: Steady-State Comparison
with OPPDIF Solution

As an additional validation of the elemental � ame model, we
compared the structure of a steady-state � ame computed with the
elemental � ame code to the structure of an identical � ame com-
putedusingOPPDIF.44 OPPDIF is a well-benchmarkedsteady-state
strained � ame code, employing the “two-parameter”formulationof
the opposed-�ow � ame problem introduced by Kee et al.45

The two-parameter formulationposes the strained � ame problem
on a � nite domain of length L , where L may be construed as the
separation between two opposing nozzles. A similarity assumption
reduces the governing equations to one dimension, in a coordinate
normal to the � ame. Arbitrary conditions may be speci� ed for the
axial velocity v and for the radial velocity divergence .@u=@r /r D 0

at each boundary. The radial pressure curvature 1=r .@p=@r / in the
momentum equation is not an independent parameter; rather, it is
an eigenvalue of the solution. The elemental � ame, on the other
hand, is a case of the “one-parameter” formulation, in which a sin-
gle parameter, for example, the strain rate parameter a or the radial
pressure curvature 1=r.@p=@r/, characterizes the imposed � ow. As
detailed in the “Model Formulation”section, the one-parameterfor-
mulation assumes an in� nite domain, taking the outer � ow to be a
stagnation-pointpotential � ow (Hiemenz � ow).

The two-parameterformulationwas introducedin part for greater
accuracy and � exibility in modeling laboratory experiments in
which � ames are stabilized in opposed-�ow burners.45 For the pur-
poses of � ame embedding, however, we � nd it more intuitive to
parameterize our � ame solution in terms of a � ow-imposed strain
rate, rather than in terms of � nite domain boundary conditions, and
thus we retain a one-parameter (unsteady) formulation.

Whereas it is not our purposeto presenta detaileddiscussioncon-
trasting one- and two-parameter strained � ame formulations (the
reader is instead referred to thorough discussions by Kee et al,45

Stahl and Warnatz,4 and Dixon-Lewis46), we simply note that a
one-parameter strained � ame solution may in principle be recov-
ered from a two-parameter code such as OPPDIF by increasing
the domain size and introducing the appropriate radial velocity di-
vergence at each nozzle. Following Eqs. (8) and (11), the radial
velocity divergence .@u=@r/r D 0 on the unburned side of the � ame
should be chosen equal to the strain rate parameter a, whereas on
the burned side of the (steady-state) � ame, it should be chosen
as a.½u=½b/1=2 .

We pursue this approach in comparing an elemental � ame so-
lution with an OPPDIF solution. Both codes are used to compute
the structure of an axisymmetric premixed methane–air � ame, sto-
ichiometric but with an additional 20% N2 by volume present in
both the reactants and products streams. The thermodynamic pres-
sure is 1 atm. The codesare linked to the same 46-reactionC1 kinetic
model referenced earlier, as well as to identical transport models;
mixture-averageddiffusioncoef� cients are computedwith Sandia’s
TRANSPORT, and thermal diffusion velocities are neglected.

A steady-state elemental � ame solution is obtained for an ax-
isymmetric � ame with the strain rate parameter a equal to 60 s¡1.
Values of v and .@u=@r/r D 0 at the boundaries of the domain are
then used to obtain an OPPDIF solution on a domain of exactly
the same size as that of the elemental � ame solution. According
to Eq. (1), the OPPDIF-computed radial pressure curvature eigen-
value, J D 1=r.@p=@r/, should then be equal to ¡½ua2 , where a is
the strain rate parameter of the elemental � ame solution.In practice,
we � nd that J ! ¡½ua2 as the domain size L ! 1 and that fairly
large domain sizes are necessary to obtain close agreement. Here
we present solutions for L D 21:0 cm. On this domain, the relative
error between J and ¡½ua2 was 0.15%.

Temperature and selected species pro� les for the OPPDIF solu-
tion and the elemental � ame solutionare shown together in Fig. A1.
Very close agreement is observed in pro� les of temperature, CH4,
H, and OH. In particular, the height and location of the H and OH
peaks in the two solutions are relatively indistinguishable.A slight
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Fig. A1 Flame structure comparison, elemental � ame vs OPPDIF.

Fig. A2 Strain rate and mass � ux pro� les, elemental � ame vs OPPDIF.

difference is noted in the shape of the temperature and CH4 pro� les
near the � ame’s leading edge, but the overall matching of pro� le
shapes and locations is quite close. Figure A2 shows pro� les of
mass � ux through the � ame, V , and strain rate ², where the origin
of the centerline coordinate y is taken to be the stagnation point
in both solutions. Again, very close agreement is observed. The
rise in strain rate through the elemental � ame is slightly steeper
than in the OPPDIF solution. As a result, the mass � ux pro� les
diverge very subtly in the region immediately to the left of the
the stagnation point because the slope of V is proportional to ².
It is not immediately clear why the shapes of the strain rate pro-
� les differ in the � ame region, other than differences in the prim-
itive solution variables and their discretization on the underlying
nonuniform grids. We do � nd, however, that the strain rate pro� le
in the OPPDIF solution is somewhat dependent on the domain size
L , whereas the strain rate pro� le in the elemental � ame solution
is quite insensitive to L . Nonetheless, the discrepancies observed
are extremely small, and the computed � ame structuresmatch quite
closely.
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